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1 Introduction
An amalgam of groups can be viewed as a Sudoku game inside a group. You are given
a set of subgroups and their intersections and you need to decide what the largest group
containing such a structure can be. This approach is very useful for example in the classi-
fication of finite simple groups. More precisely, induction and local analysis provides a set
of subgroups of the minimal counterexample and then amalgam type results such as the
Curtis-Tits and Phan theorems show that the group is known after all.
Recently the Curtis-Tits-Phan theory has seen a lot of activity. Similar results have
been obtained for other finite groups of Lie type and more generally some subgroups of
Kac-Moody groups (see [2, 8] for details). All these results are similar in nature and prove
that a certain group is the universal completion of a rank 2 amalgam of its subgroups.
∗This paper was written during a Research in Pairs visit to the Mathematisches Forschungsinstitut
Oberwolfach. We would like to thank the institute for their hospitality and generous support.
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This leaves open the question of whether just the structure of the subgroups involved
determines the group. Most approaches to this problem use induction together with a
lemma by Goldschmidt (see Corollary 2.11) that describes the isomorphism classes of
amalgams of two groups in terms of double coset enumeration. Our results will generalise
this result.
In a recent work [4] we used Bass-Serre theory of graphs of groups to classify all possible
amalgams of Curtis-Tits shape with a given diagram. This note describes the method for
general rank two amalgams. In Section 2 we introduce the main notions, prove Theorem 1
and obtain Goldschmidt’s lemma as a particular case. Moreover, we specialise to the
case of a triangle to get a very concrete application to amalgams coming from rank three
geometries. In Section 3 we specialise to what we shall call rigid amalgams and discuss
fundamental groups and their significance for classifying such amalgams.
2 Amalgams and graphs of groups
In this paper we fix a graph Γ = (I, E) with vertex set I and edge set E, where multiple
edges and loops are permitted.
Definition 2.1 An amalgam over the graph Γ = (I, E) is a collection A = {Gi, Ge, ϕi,e |
i ∈ I, i ∈ e ∈ E}, where Gi and Ge are groups and, for each pair (i, e) such that the vertex
i lies on the edge e, we have a monomorphism ϕi,e:Gi →֒ Ge, called an inclusion map.
A completion of A is a group G together with a collection φ = {φe, φi | i ∈ I, e ∈ E} of
homomorphisms φe:Ge → G, φi:Gi → G such that for any i ∈ e we have φe ◦ ϕi,e = φi.
For simplicity we shall write Gi,e = ϕe(Gi) ≤ Ge. The amalgam A is non-collapsing if it
has a non-trivial completion. A completion (Ĝ, φ̂) is called universal if for any completion
(G, φ) there is a (necessarily unique) surjective group homomorphism π: Ĝ→ G such that
φ = π ◦ φ̂.
Following [1, 10] we define a directed graph
−→
Γ = (I,
−→
E ) where for each edge e ∈ E we
introduce directed edges e and e in
−→
E . Moreover we denote by d0(e) the starting node of
the oriented edge e and by d1(e) the end vertex of e. Thus d0(e) = d1(e).
From now on, we shall index every amalgam A = {Gi, Ge, ϕi,e | i ∈ I, e ∈ E, where i ∈
e} by vertices i ∈ I and directed edges e ∈
−→
E and set Ge = Ge and ϕe = ϕd0(e),e. Then,
ϕe = ϕd1(e),e.
Definition 2.2 A homomorphism between the amalgams A1(
−→
Γ ) = {G1i , G
1
e, ϕ
1
e | i ∈ I, e ∈−→
E } and A2(
−→
Γ ) = {G2i , G
2
e, ϕ
2
e | i ∈ I, e ∈
−→
E } is a map φ = {φi, φe | i ∈ I
1, e ∈ E1} where
φi:G
1
i → G
2
i and φe:G
1
e → G
2
e are group homomorphisms such that
φe ◦ ϕ
1
e = ϕ
2
e ◦ φd0(e).
We call φ an isomorphism of amalgams if φi and φe are bijective for all i, j ∈ I, and φ
−1
is a homomorphism of amalgams.
Definition 2.3 Consider an amalgam A0 = {Gi, Ge, ψe | i ∈ I, e ∈
−→
E } over
−→
Γ = (I,
−→
E ).
An amalgam of type A0 is an amalgam over
−→
Γ with the same groups Gi, Ge and where,
for every e ∈
−→
E , the inclusion map ϕe is possibly different from ψe except that it has the
same image Gi,e.
The aim of this note is to describe the isomorphism classes of all amalgams that have the
same type as A0. For the rest of the paper, A0 will be a fixed amalgam over
−→
Γ = (I,
−→
E ).
We shall therefore simply write A0 = {Gi, Ge, ψe} tacitly understanding that Gi is taken
over all i ∈ I, that Ge, is taken over all e ∈ E, and ψe is taken over all edges e ∈
−→
E and
adopt a similar shorthand for amalgams A of type A0.
Definition 2.4 A graph of groups is a pair (C,
−→
Γ ) where
−→
Γ is a graph as above and C
associates to each i ∈ I a group Ai and to each directed edge e ∈
−→
E a group Ae = Ae.
Moreover, for each vertex i with d0(e) = i we have a homomorphism αe:Ae → Ai.
Since we shall work with a fixed graph
−→
Γ = (I,
−→
E ), if we want to specify the groups of
(C,
−→
Γ ) we shall write C = {Ai, Ae, αe} rather than C = {Ai, Ae, αe | i ∈ I, e ∈
−→
E }.
Note that Definition 2.4 is a generalisation of the concept from [1] as we do not require the
αe’s to be monomorphisms.
Definition 2.5 Given graphs of groups (C(k),
−→
Γ ) for k = 1, 2, an inner morphism is a
collection φ = {φi, φe | i ∈ I, e ∈
−→
E } of group homomorphisms φi:A
(1)
i → A
(2)
i and
φe:A
(1)
e → A
(2)
e so that for each e ∈
−→
E with d0(e) = i there exists an element δe ∈ A
(2)
i so
that
φi ◦ αe = ad(δ
−1
e ) ◦ αe ◦ φe.
Here ad(x)(y) = x−1yx.
Definition 2.6 Let (C0,
−→
Γ ) be a graph of groups, a pointing is a pair ((C,
−→
Γ ), δ), where
δ = {δe | e ∈
−→
E } is a collection of elements δe ∈ Ad0(e) and (C,
−→
Γ ) is a graph of groups
obtained from (C0,
−→
Γ ) by setting α′e = ad(δ
−1
e ) ◦ αe, for each e ∈
−→
E .
Lemma 2.7 Any pointing of (C0,
−→
Γ ) is isomorphic to itself as a graph of groups.
Proof In the definition of an inner morphism let all φi and φe be the identity maps and
let δe be as defined in 2.6. This defines an inner isomorphism of graphs of groups. 
Definition 2.8 An isomorphism between pointings ((C,
−→
Γ ), δ(k)) of a graph of groups (C,
−→
Γ )
is an inner isomorphism φ of (C,
−→
Γ ) such that there exist ai ∈ Ai and ae ∈ Ae so that
ae = ae and with φi = ad(ai) and φe = ad(ae) for each i ∈ I, e ∈
−→
E and we have
δ(1)e αe(ae) = ad0(e)δ
(2)
e . (2.1)
We will say that {ae, ai | i ∈ I, e ∈
−→
E } induces the isomorphism.
Note that any choice of ae ∈ Ae and ai ∈ Ai gives rise to an inner isomorphism of
(C,
−→
Γ ). Hence Condition (2.1) is the only condition to be checked when verifying if such a
collection induces an isomorphism of pointings.
Definition 2.9 Consider the reference amalgam A0 = {Gi, Ge, ψe}. Recall that every
amalgam of type A0 has the same target subgroups Gi. Define a graph of groups as follows.
For each e ∈
−→
E we take Ad0(e) = Aut(Gd0(e)), Ae = AutGe(Gd0(e), Gd1(e)) and αe = ad(ψe).
The resulting graph of groups will be denoted by (C0,
−→
Γ ) and will be called the reference
graph.
Definition 2.10 If A = {Gi, Ge, ϕe} is an amalgam of type A0, we define an associated
pointing ((C0,
−→
Γ ), δA) as follows. If e ∈
−→
E then δAe = ϕ
−1
e ◦ ψe where of course by ϕ
−1
e we
mean the inverse of the map ϕe:Gd0(e) → Gd0(e).
Conversely if (C0,
−→
Γ ), δ) is a pointing of C0 then we define an amalgam A = {Gi, Ge, ϕe}
of type A0 via ϕe = ψeδ
−1
e .
Clearly the two constructions in Definition 2.10 are inverse to one another. The questions
is of course whether they preserve isomorphism classes.
Theorem 1 The correspondence A ↔ ((C0,
−→
Γ ), δA) above yields a bijection between iso-
morphism classes of amalgams and isomorphism classes of pointings of C0.
Proof Suppose {ae, ai | i ∈ I, e ∈
−→
E } induces an isomorphism of pointings ((C0,
−→
Γ ), δ′)→
((C0,
−→
Γ ), δ). We now define a map χ from A = {Gi, Ge, ϕe} to A
′ = {Gi, Ge, ϕ
′
e} by setting
χe = ae ∈ Ae for all e ∈ E and χi = ai ∈ Ai for all i ∈ I. We claim that χ is an
isomorphism. Indeed, recalling that δ′eαe(χe) = χd0(e)δe and αe = ad(ψe), we find
χeϕe = χeψeδ
−1
e = ψeαe(χe)δ
−1
e = ψe(δ
′
e)
−1χd0(e) = ϕ
′
eχd0(e).
Conversely if χ is an isomorphism between A = {Gi, Gi,j, ϕe} and A
′ = {Gi, Gi,j, ϕ
′
e}, then
the corresponding ae = χe and ai = χi induce isomorphisms between the pointings of the
graph. Indeed:
δ′eαe(χe) = ((ϕ
′
e)
−1ψe)(ψ
−1
e φeψe) = (ϕ
′
e)
−1χeψe = χiϕ
−1
e ψe = χiδe.

2.1 Applications
Goldschmidt’s Lemma We can now see that that the classical Goldschmidt’s Lemma
(see 2.7 of [6] ) is a special case of the above. Recall that an amalgam in the sense of [6] is
a pair of group monomorphisms P1
ϕ1
← B
ϕ2
→ P2. Consider an amalgam P1
ψ1
← B
ψ2
→ P2 and
let Ai be the subgroup of Aut(Pi) that leaves imψi invariant and define αi:Ai → Aut(B)
be ad(ψi) and let A1 = imαi. The terminology of loc. cit. agrees with ours in the sense
that an amalgam of type A0 = {P1, B, P2, ψ1, ψ2} is simply an amalgam where all groups
P1, B, P2, im(ψ1), and im(ψ2) are the same, but the connecting monomorphisms ϕ1 and
ϕ2 might be different from ψ1 and ψ2.
Corollary 2.11 (Goldschmidt’s Lemma) There is a 1-1 correspondence between iso-
morphism classes of amalgams of type A0 and double cosets of A1, and A2 in Aut(B).
Proof We can view the amalgamated product as an amalgam associated to a double
loop
−→
Γ = ({a}, {e1, e2}) with Gei = Pi and Ga = B. The associated graph of groups
(C0,
−→
Γ ) is given on the groups Aei = Ai, A0 = Aut(B) by maps αi, as described above. It
follows from Theorem 1 that the isomorphism classes of amalgams of type A0 correspond
to the isomorphism classes of pointings of the graph of groups (C0,
−→
Γ ). Given a pointing
((C0,
−→
Γ ), {δe1, δe2}), one immediately notes that the set {aei = id, a0 = δe1 | i = 1, 2}
induces an isomorphism between ((C0,
−→
Γ ), {δe1 , δe2}) and ((C0,
−→
Γ ), {ide1, δ
−1
e1
δe2}) in the
sense of Definition 2.8. Thus, it suffices to consider the isomorphism classes of pointings
of type ((C0,
−→
Γ ), {ide1 , δe2}). Moreover two pointings ((C0,
−→
Γ ), {ide1, δ
(k)
e2 }) (k = 1, 2) are
isomorphic if and only if there exist ai ∈ Ai so that δ
(1)
e2 αe2(ae2) = αe1(ae1)δ
(2)
e2 . Since
imαi = Ai, this happens if and only if δ
(k)
e2 are in the same A1, A2 double coset. 
Triangle graphs We now treat the special case where
−→
Γ is a triangle. This seems arbi-
trary but it is a very common example. For instance, the amalgam of maximal parabolics
in a group acting on a rank three geometry has a triangle as its diagram. To fix notation,
let I = {1, 2, 3} and E = {{1, 2}, {2, 3}, {3, 1}}, so we have three edge groups Ai,i+1 and
3 vertex groups Ai (in the rest of the section we will abuse the notations and consider
the indices modulo 3) and the respective αi,i+1:Ai,i+1 → Ai and αi+1,i:Ai,i+1 → Ai+1.
Consider the group A = A1 × A2 × A3, the inclusion maps ik:Ak → A and projec-
tion maps πk:A → Ak. Moreover for each k there is a map Φk:Ak,k+1 → A given by
x 7→ ik(αk,k+1(x)) · ik+1(αk+1,k(x)), (for example Φ1(x) = (α1,2(x), α2,1(x), 1)). Consider
Hk = imΦk. Define an equivalence relation ∼ on A as follows
(a1, a2, a3) ∼ (a
′
1, a
′
2, a
′
3) ⇐⇒ ∀k = 1, 2, 3, ∃xk ∈ Hk, such that a
′
k = πk(x
−1
k ik(ak)xk−1)
Corollary 2.12 The equivalence classes for ∼ are in bijection to isomorphism classes of
pointings of C0.
Proof First note that if {δi,i+1, δi+1,i | i = 1, 2, 3} give a pointing of C0 then the collec-
tion {ai,i+1 = 1, ai = δi,i+1 | i = 1, 2, 3} induces an isomorphism between the pointing
((C0,
−→
Γ ), δ) and the pointing ((C0,
−→
Γ ), δ′) where δ′i,i+1 = 1 and δ
′
i+1,i = δ
−1
i+1,i−1δi+1,i. This
means that any pointing is isomorphic to a pointing in which δi,i+1 = 1 for all i = 1, 2, 3.
We call such a pointing positively normalized.
We now describe a bijection Ξ between isomorphism classes of pointings ((C0,
−→
Γ ), δ)
and classes in A/∼. To the isomorphism class of the pointing given by {δi,i+1, δi+1,i | i =
1, 2, 3}, we associate the equivalence class [(δ−11,2δ1,3, δ
−1
2,3δ2,1, δ
−1
3,1δ3,2)]. Conversely, to each
equivalence class [(a1, a2, a3)] we associate the isomorphism class containing the normalized
pointing given by {δi,i+1 = 1, δi+1,i = ai+1 | i = 1, 2, 3}.
We now show that these maps are well-defined and each other’s inverse. First we make
the following observation. Suppose we have two positively normalized pointings δ and
δ′ and a collection {ai,i+1, ai+1,i, ai | i = 1, 2, 3} inducing an isomorphism ((C,
−→
Γ ), δ) →
((C,
−→
Γ ), δ′). Then, since for directed edges e = (i, i + 1) those pointings have δi,i+1 =
δ′i,i+1 = 1, Condition (2.1) turns into
αi,i+1(ai,i+1) = ai,
δi+1,iαi+1,i(ai+1,i) = ai+1δ
′
i+1,i,
for i = 1, 2, 3.
Thus, the existence of the set {ai,i+1, ai+1,i, ai | i = 1, 2, 3} is equivalent to the existence of
a set {ai,i+1, ai+1,i | i = 1, 2, 3} satisfying
δ′i+1,i = αi+1,i−1(ai+1,i−1)
−1δi+1,iαi+1,i(ai+1,i) for i = 1, 2, 3,
On the other hand, consider (a1, a2, a3) ∼ (a
′
1, a
′
2, a
′
3). This is equivalent to the fact that
there exist xk = Φk(ak,k+1) (k = 1, 2, 3) so that
a′1 = π1(x
−1
1 i1(a1)x3) = π1(α1,2(a
−1
1,2)a1α1,3(a3,1), α2,1(a
−1
1,2), α3,1(a3,1)) = α1,2(a
−1
1,2)a1α1,3(a3,1)
a′2 = π1(x
−1
2 i2(a2)x1) = π2(α1,2(a1,2), α2,3(a
−1
2,3)a2α2,1(a1,2), α3,2(a
−1
2,3)) = α2,3(a
−1
2,3)a2α2,1(a1,2)
a′3 = π3(x
−1
3 i3(a3)x2) = π3(α1,3(a
−1
3,1), α2,3(a2,3), α3,1(a
−1
3,1)a3α3,2(a2,3)) = α3,1(a
−1
3,1)a3α3,2(a2,3)
Thus, we see that the map Ξ is a bijection between isomorphism classes of pointings and
equivalence classes in A. 
3 The fundamental group
In this section we shall restrict to a special kind of graph of groups.
Definition 3.1 In the notation developed in Section 2, we say that the graph of groups
(C,
−→
Γ ) is rigid if the following condition is satisfied.
(Ri) For any edge e, there exists a subgroup A˜e ≤ Ae = AutGe(Gd0(e), Gd1(e)) so that αe|A˜e
and αe|A˜e are bijections onto the images of αe and αe respectively.
In other words, we require ker(αe) to have a complement A˜e for each e ∈
−→
E . We then set
C˜0 = {Ai, A˜e, αe}. We call the amalgam A rigid if the graph of groups associated to it as
in Theorem 1 is rigid.
Theorem 2 If the amalgam A is rigid then there is a 1-1 correspondence between between
isomorphism classes of amalgams of type A and isomorphism classes of pointings of C˜0.
Proof In view of Theorem 1, we must show that there is a 1-1 correspondence between
isomorphism classes of pointings of C0 and those of C˜0. The two graphs of groups are de-
scribed by the same amalgam type and we will consider the map ((C0,
−→
Γ ), δ) 7→ ((C˜0,
−→
Γ ), δ)
that keeps the same elements of the pointings. Of course if two pointings of (C˜0,
−→
Γ ) are
isomorphic then the corresponding pointings of C0 are, using the same elements of A˜e ≤ Ae.
The converse is also true. Indeed if {ae, ai | i ∈ I, e ∈
−→
E } defines an isomorphism
between two pointings of C0, then for each e we can pick a˜e ∈ A˜e so that αe(ae) = αe(a˜e).
The system {a˜e, ai | i ∈ I, e ∈
−→
E }induces an isomorphism between the corresponding
pointings of C˜0. 
Note that C˜0 is a graph of groups in the more restricted sense of [1] and so we can use
Definitions 3.2 and 3.3 introduced there.
Definition 3.2 For a given graph of groups (C,
−→
Γ ) we define the path group as follows
π(C) = ((∗i∈IAi) ∗ F (
−→
E ))/R
where F (
−→
E ) is the free group on the set
−→
E , ∗ denotes free product and R is the following
set of relations
for any e = (i, j) ∈
−→
E , a ∈ Ae, ee = id and e · αe(a) · e = αe(a)
Definition 3.3 Given a graph of groups (C,
−→
Γ ), a path of length n in C is a sequence
a1e1a2 · · · enan where e1, . . . , en are edges in
−→
Γ with d0(ek) = ik and ak ∈ Aik . The sequence
e1, . . . , en is called an edge path. A path is reduced if it has no returns (i.e. ei+1 6= ei). This
defines an element of π(C) by setting |γ| = a1 ·e1 ·a2 · · · en ·an. We denote by π[i, j] = {|γ| |
γ a path on C, γ(1) = i, γ(2) = j} respectively π(C, i) = π[i, i]. Concatenation induces a
group operation on π(C, i) and we call this group the fundamental group of C with base
point i.
Definition 3.4 If ((C0,
−→
Γ ), δ) is a pointing of the graph of groups (C0,
−→
Γ ) then any edge
path γ = e1 · · · en in
−→
Γ gives rise to a path in C via γ 7→ γδ = δe1e1δ
−1
e1
δe2 · · · en−1δ
−1
en−1
δenenδ
−1
en
.
Fixing a base point a, the map γ 7→ |γδ| restricts to a monomorphism Φ: π1(Γ, a)→ π(C0, a),
where π1(Γ, a) denotes the fundamental group of Γ with base point a. The image of this
map is called the fundamental group of the pointing and denoted by π(C, a, δ).
Theorem 3.5 Two pointings of C˜0 are isomorphic if and only if they have the same fun-
damental group.
Proof The proof is identical to that of Theorem 3.21 of [4]. 
Note 3.6 One should be careful not to misread Theorem 3.5 as saying that pointings
with isomorphic fundamental groups are isomorphic. This is not the case since all such
fundamental groups are isomorphic to the fundamental group π1(Γ, a) and not all pointings
are isomorphic.
3.1 Applications
Consider the reference amalgam A0 = {Gi, Ge, ψe}. Recall that every amalgam of type
A0 has the same target subgroups Gi. For each e ∈
−→
E define De = NGe(Gd1(e)) ∩ Gd0(e)
and De = ψ
−1
e (De). Let us consider a non-collapsing amalgam A = {Gi, Ge, ϕe} of type
A0 with graph
−→
Γ . In [3, 4, 5] it is shown that the fact that
−→
Γ has no triangles forces the
amalgam to have the following property:
(D1) for any two edges e, f such that d0(e) = d0(f) we have ϕ
−1
e (De) = ϕ
−1
f (Df);
In [9] the failure of property (D1) is used to show that any amalgam of mixed Phan-Curtis-
Tits type over a graph without triangles collapses.
As a consequence of (D1) one can show that A is isomorphic to an amalgam with the
following property
(D2) De = ϕ
−1
e (De) for all e ∈
−→
E .
Thus, in order to classify amalgams of type A0 we can restrict to those with properties
(D1) and (D2). We can then also write Dd0(e) = De, for all e ∈
−→
E , without ambiguity.
For any e ∈
−→
E we now have δAe = ϕ
−1
e ◦ ψe ∈ AutGd0(e)(Dd0(e)). Hence by Theorem 1,
isomorphism classes of such amalgams are in bijection with pointings of the graph of
groups (C0,
−→
Γ ) = {Ai, Ae, αe}, where Ae is as before, but Ai = AutGi(Di). In the cases of
loc. cit. this graph of groups is in fact rigid.
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